We collect some results on endomorphisms on projective varieties related with the Kawaguchi-Silverman conjecture. We discuss certain condition on automorphism groups of projective varieties and positivity conditions on leading real eigendivisors of self-morphisms. We prove Kawaguchi-Silverman conjecture for endomorphisms on projective bundles on a smooth Fano variety of Picard number one. In the last section, we discuss endomorphisms and augmented base loci of their eigendivisors.
INTRODUCTION
Let X be a smooth projective variety of dimension n ≥ 1 defined over Q. Let f : X X be a dominant rational map, and f * : N 1 (X) R → N 1 (X) R be the induced map, where N 1 (X) R := N 1 (X)⊗ Z R and N 1 (X) is the group of Cartier divisors modulo numerical equivalence. Let ρ(T, V ) denote the spectral radius of a linear transformation T : V → V of a real or complex vector space. Then the first dynamical degree of f is the quantity Alternatively, if we let H be any ample divisor on X, then δ f is also given by the formula δ f = lim n→∞ ((f m ) * H · H n−1 ) 1/m . By definition, it is easy to see that δ f r = (δ f ) r . Dynamical degree is actually a birational invariant and therefore we can define it for dominant rational maps on possibly singular projective varieties by taking resolution of singularities. For basic properties of dynamical degree, see [Dan17, DF01, Tru15] .
In [KS16a, KS16b] , Kawaguchi and Silverman studied an analogous arithmetic degree, which we now describe. Assume that X and f are defined over Q, and write X(Q) f for the set of points x whose forward f -orbit be a logarithmic Weil height function on X associated with an ample divisor, and let h + X = max 1, h X . The arithmetic degree of f at x ∈ X(Q) f is the quantity
if the limit exists.
The following Kawaguchi-Silverman conjecture (KSC for short) asserts that for a dominant rational self-map f : X X of a projective variety X over Q, the arithmetic degree α f (x) of any point x with Zariski dense f -orbit is equal to the first dynamical degree δ f of f .
Conjecture 6]) Let f : X → X be a dominant rational self-map of a projective variety X over Q, and let x ∈ X(Q) f . Then the following hold.
(1) The limit defining α f (x) exists.
( Remark 1.4. If f is a morphism, then the existence of arithmetic degree is proved, i.e. Conjecture 1.1(1) is true [KS16a] .
In this paper, we focus on endomorphisms on projective varieties and collect some results related to this conjecture. In section 2, we list some basic facts on KSC. In section 3, we show some reduction results on KSC. In section 4, we prove KSC for endomorphisms on projective bundles over a smooth Fano variety of Picard number one. In section 5, we give positivity conditions on leading eigendivisors that is enough to prove KSC. In section 6, we discuss the augmented base loci of leading eigendivisors. This section is less related with KSC.
Throughout this paper, the ground field is Q unless otherwise stated.
PRELIMINARIES
We gather some facts on height functions. See [BG07, HS00, Lan83] for the definition and basic properties of height functions. Here, we simply list some fundamental facts that will be used in this paper.
• h E is bounded below outside Supp E for any effective Cartier divisor E.
is a bounded function. • Let π : X → Y be a surjective morphism of normal projective varieties and B an R-Cartier divisor on Y . Then h B (π(x)) = h π * B (x) + O(1) for any x ∈ X(Q).
We list several basic facts on KSC which will be used in the rest of the paper.
Lemma 2.1. (cf. [MZ19, Lemma 2.5]) Let π : X Y be a dominant rational map of projective varieties. Let f : X → X and g : Y → Y be surjective endomorphisms such that g • π = π • f . Then the following hold.
(1) Suppose π is generically finite. Then KSC holds for f if and only if KSC holds for g.
(2) Suppose δ f = δ g and KSC holds for g. Then KSC holds for f . A normal projective variety X is called Q-abelian if there is an abelian variety A and a finite surjective morphism A → X which is quasi-étale, i.e. étale in codimension one. 
REDUCTIONS OF KSC
3.1. Automorphism groups. We refer to Kollár-Mori [KM98] for standard notions and terminologies in birational geometry. A normal projective variety X is called weak Calabi-Yau variety if X has at most canonical singularities, K X ∼ 0, and the augmented irregularity
Proposition 3.1. Let X be a normal projective variety with at most klt singularities of dimension n ≥ 1. Then Conjecture 1.1 is true for all automorphisms of normal projective varieties with dimension at most n and K X is numerically trivial if and only if Conjecture 1.1 is true for all automorphisms of weak Calabi-Yau varieties with dimension at most n.
Remark 3.2. This is a generalization of [LS18, Corollary 1.4] to singular case.
Remark 3.3. Let f be an automorphism of a normal projective variety X. There is a Gequivariant resolution π : X ′ → X and an automorphism f ′ of X ′ such that π • f ′ = f • π (cf. [BM97, Theorem 13.2]). Therefore, KSC for f reduces to KSC for f ′ , which is an automorphism on a smooth projective variety. This makes problem easier sometime, but it is sometime better to work on singular variety because it might have better birational geometric properties.
We use the following Kawamata-Nakayama-Zhang's weak decomposition theorem (cf. [Kaw85, NZ10] ,[HL19, Lemma 2.7])).
Lemma 3.4. Let X be a normal projective variety with at most klt singularities such that K X ∼ Q 0, and f an automorphism of X. Then there exist a morphism π : X −→ X from a normal projective variety X, an automorphism f of X such that the following conditions hold.
(1) π is finite surjective and étale in codimension one.
(2) X is isomorphic to the product variety Z × A for a weak Calabi-Yau variety Z and an abelian variety A.
(3) The dimension of A equals the augmented irregularity q(X) of X.
(4) There are automorphisms f Z and f A of Z and A, respectively, such that the following diagram commutes:
Proof of Proposition 3.1. This follows from abundance for numerically trivial canonical divisor, Lemma 3.4, Lemma 2.1(1), Lemma 2.2, and Theorem 2.4.
Certain conditions on automorphism groups of a variety make us possible to run MMP equivariantly and reduce KSC to that of special varieties. For a normal projective variety X of dimension n and a subgroup G of the automorphism group Aut(X) of X, consider the following condition:
Hyp (n, r). G ≃ Z r with 1 ≤ r ≤ n − 1 and G is of positive entropy, i.e., δ g > 1 for all g ∈ G \ {id}.
Remark 3.5. In [DS04] , they prove that every commutative subgroup G of Aut(X) has rank at most dim X − 1.
Theorem 3.6. Let X be a normal projective variety of dimension n with at most klt singularities and G be a subgroup of Aut(X). Then the following statements hold.
(1) Suppose X and G satisfies Hyp(n, n − 1) and X is not rationally connected. Then Conjecture 1.1 is true for all automorphisms g ∈ G.
(2) Suppose K X ≡ 0 and (X, G) satisfies Hyp(n, n − 2). Then Conjecture 1.1 is true for all automorphisms g ∈ G if Conjecture 1.1 is true for all automorphisms of weak Calabi-Yau varieties of dimension n.
Proof of Theorem 3.6.
(1) Since X and G satisfies Hyp(n, n − 1) and X is not rationally connected, then by [Zha16, Theorems 1.1 and 2.4] or [HL19, Theorem 1.1], after replacing G by a finite-index subgroup, X is G-equivariantly birational to a Q-abelian variety Y . Thus statement follows from Lemma 2.1 and Theorem 2.4.
(2) Since K X ≡ 0 and X and G satisfies Hyp(n, n − 2), then by [HL19, Theorem 1.2], after replacing G by a finite-index subgroup, there is a G-equivariant quasi-étale morphism Y → X, such that Y is G-equivariantly birational to either a weak Calabi-Yau variety, an abelian variety, or a product of a weak Calabi-Yau surface and an abelian variety. In the last case automorphisms on the product are split, i.e. they are products of automorphisms on each factor ([NZ10, Lemma 2.14]). As for endomorphisms on surfaces, Conjecture 1.1 is proved in [MZ19, Theorem 1.3]. Thus the statement follows from Lemmas 2.1, 2.2 and 3.4 and Theorem 2.4.
Albanese morphisms.
To prove KSC, we can assume that the albanese morphism is surjective due to the following proposition.
Proposition 3.7. Let f be a surjective endomorphism of a normal projective variety X. If f has Zariski dense orbits, then the Albanese morphism π : X → A is surjective. where T a is the translation by an element a ∈ A and g is a group endomorphism of A. Then for any b ∈ B, we have
Therefore, we have g(B) ⊂ B. Thus, g induces an group endomorphism g on A/B. Then f induces T a • g on A and T a • g on A/B, where a is the image of a in A/B. Since Z, which is the image of X in A/B, is of general type, T a • g restricted on Z is a finite order automorphism. This contradicts to the fact that f has Zariski dense orbits. Proof. Let π : X −→ Y be the projection.
PROJECTIVE BUNDLES
Step 1. Replacing f with its iterate, we may assume that f induces an endomorphism g : Y −→ Y such that g • π = π • f (cf. discussion before Theorem 2 in [Am03] ).
Step 2. Since the Picard number of Y is one, g is polarized and KSC holds for g. Therefore, we may assume δ f > δ g . If δ g > 1, then f is an int-amplified endomorphism. Since X is smooth rationally connected, KSC holds for f by [MY19, Theorem 1.1].
Step 3. Suppose δ f > δ g = 1. We claim that E is a direct sum of invertible sheaves, i.e. E ≃ i L i for some L i . If dim Y = 1, then Y ≃ P 1 and the claim follows from Grothendieck's theorem. Suppose dim Y > 1. By Kodaira vanishing and Serre duality, H 1 (Y, L) = 0 for all invertible sheaves L on Y (we use the assumption that the Picard number of Y is one). Also, Y is simply connected. We can apply [AK17, Theorem 2] so that we get the claim. Now, g is an automorphism because Y has Picard number one and δ g = 1. Since Y is a smooth Fano, we have Pic Y = Z. Therefore g * acting on Pic Y as identity, and we have g * E ≃ i g * L i ≃ i L i ≃ E. Thus we get the following commutative diagram:
where h is the isomorphism induced by the isomorphism E ≃ g * E and F is the morphism induced by the universal property of fiber product. Since f has degree lager than one on the fibers, so does F . By [Am03, Theorem 1] and the comment below it and simply connectedness of Y , we get X ≃ Y × P r where r + 1 is the rank of E. By [San16, Theorem 4.6], and KSC for polarized endomorphisms, we are done.
CANONICAL HEIGHTS
Proposition 5.1. Let X be a geometrically integral variety over a number field K and suppose X K is Q-factorial normal projective variety. Let D be an R-divisor on X. Suppose D is R-linearly equivalent to at least two effective R-divisors, i.e. there exist effective Rdivisors D ′ and D ′′ such that D ∼ R D ′ ∼ R D ′′ and D ′ = D ′′ . Let h D be a Weil height function associated with D and B, d positive real numbers. Then the set
is not Zariski dense in X K .
Proof.
Step 1. There is an effective R-divisor r i=1 c i F i where r ≥ 1 and F i are prime divisor such that D ∼ R r i=1 c i F i , c 1 = 0, and F 1 has positive Iitaka dimension. Step 2. By step one,
. Now the proposition follows from [Mat19, Proposition 3.5].
AUGMENTED BASE LOCI AND ENDOMORPHISMS
The augmented base locus of an R-Cartier divisor D is defined as follows.
Definition 6.1. The augmented base locus of an R-Cartier divisor D on a normal projective variety X is the Zariski closed subset
where B(−) stands for the stable base locus and the intersection is taken over all R-Cartier
The augmented base locus B + (D) is equal to the exceptional locus E(D) if D is nef (cf. [Bir17] ). Proposition 6.2. Let f : X → X be a surjective endomorphism and D an R-Cartier divisor on a normal projective variety X. Let X be a normal projective variety and f : X −→ X be a surjective endomorphism. Suppose there exits a nef and big R-Cartier divisor D such that f * D ≡ dD with d ∈ R >1 . By [MZ18] , f is actually polarized and we can construct canonical heights associated with ampler divisors. But we may also consider the canonical heightĥ D (x) = lim n→∞ h D (f n (x))/d n associated with D and this has the following property: If x ∈ (X \ B + (D))(Q), then x is f -preperiodic if and only ifĥ D (x) = 0.
Let us give a purely geometric application of Proposition 6.2. Proposition 6.3. Let X be a Q-factorial normal projective variety and f : X −→ X be a surjective endomorphism such that the map f * : N 1 (X) R −→ N 1 (X) R is a scalar multiplication. Suppose further that f has no non-trivial totally invariant closed subset (i.e. f −1 (Z) = Z implies Z = X or Z = ∅). Then the pseudo-effective cone of X is equal to the nef cone of X: Eff(X) = Nef(X).
Proof. By Proposition 6.2 and the assumption, for every nef and big R-Cartier divisor D on X, we have B + (D) = ∅. That is, every nef and big R-Cartier divisor is ample. This implies all big R-Cartier divisor is nef, and therefore ample. Corollary 6.4. Let X be a smooth rationally connected variety and f : X −→ X be a polarized endomorphism (i.e. f * H ≡ dH for some ample R-divisor H and d ∈ R >1 ). Suppose f has no non-trivial totally invariant closed subset. Then X is a Fano variety with Picard number at most dim X.
Proof. By [MZ18] , if we replace f with its iterate, f * acts as a scalar multiplication on N 1 (X) R . By Proposition 6.3, we have Eff(X) = Nef(X). By [Yos20, Corollary 1.4], X is of Fano type, i.e. −K X − ∆ is ample for some effective Q-divisor ∆. Thus, we get −K X is ample.
Every K X -negative contraction of X is of fiber type because f has no non-trivial totally invariant closed subset. Moreover f induces a polarized endomorphism on the base of the contraction which has no non-trivial totally invariant closed subset. We can repeat this process and final out put is a point (cf. [MZ18] ). This implies that the Picard number of X is less than or equal to dim X.
